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Abstract
Non-local boundary conditions have been considered in theoretical high-energy physics with
emphasis on one-loop quantum cosmology, one-loop conformal anomalies, Bose–Einstein conden-
sation models and spectral branes. We have therefore studied the Wightman function, the vacuum
expectation value of the field square and the energy-momentum tensor for a massive scalar field
satisfying non-local boundary conditions on a single and two parallel plates. Interestingly, we find
that suitable choices of the kernel in the non-local boundary conditions lead to forces acting on
the plates that can be repulsive for intermediate distances.
1
In our analysis of the Casimir effect for scalar fields [1], motivated by the work in Refs.
[2, 3], we have considered the geometry of two parallel plates with non-local boundary
conditions
nν(j)∂νϕ(x
µ) +
∫
dx′‖ fj(|x‖ − x′‖|)ϕ(x′µ) = 0, x = aj , (1)
where we use rectangular coordinates xµ = (t, x1,x‖), with x‖ = (x2, ..., xD), and nν(j) is the
inward-pointing unit normal to the boundary at x = aj . For the region between the plates
the corresponding eigenvalues are solutions of the equation [1]
(
z2 − c1c2
)
sin z + (c1 + c2) z cos z = 0, (2)
where the coefficients cj are determined by the Fourier transforms Fj of the kernel functions
fj(x‖) in the boundary conditions, i.e.
cj ≡ (−1)j−1aFj(k‖) ≡ (−1)j−1a
∫
dx‖fj(|x‖)eik‖·x‖ . (3)
The non-local boundary conditions (1) state that the normal derivative at a given point
depends on the values of the field at other points on the boundary. The properties of the
boundary are expressed by the kernel function fj . In a sense, this setting is similar to that
in electrodynamics for the spatial dispersion of the dielectric function ε, where ε depends on
the wave vector by virtue of spatial dispersion. Similarly, our non-local boundary conditions
engender dependence of the coefficient Fj in the eigenfunctions on the wave vector k‖.
The evaluation of the corresponding Wightman function is based on a variant of the
generalized Abel–Plana summation formula below [1]:
∑
z=λn,iyl
h(z)
1 + cos(z + 2α1) sin z/z
= −1
2
h(0)
1− c−11 − c−12
+
1
pi
∫ ∞
0
dzh(z)
+
i
pi
∫ ∞
0
dt
h(tepii/2)− h(te−pii/2)
(t−c1)(t−c2)
(t+c1)(t+c2)
e2t − 1
−piθ(cj)
2cj
[
gj(cje
pii/2) + gj(cje
−pii/2)
]
, (4)
where gj ≡ (z2 + c2j)h(z). The application of this formula has made it possible for us to
extract from the VEVs the parts resulting from the single plate and to present the part
induced from the second plate in terms of integrals exponentially convergent for points away
2
from the boundary. The Wightman function turns out to be given by [1]
〈0|ϕ(xµ)ϕ(x′µ)|0〉 = 〈0S|ϕ(xµ)ϕ(x′µ)|0S〉j + 4
(2pi)D
∫
dk‖e
ik‖·(x‖−x′‖)
×
∫ ∞
a
√
k2
‖
+m2
dt
cosh(txj + α˜j) cosh(tx
′
j + α˜j)
(t−c1)(t−c2)
(t+c1)(t+c2)
e2t − 1
×
cosh
[
(t− t′)
√
t2/a2 − k2‖ −m2
]
√
t2 − k2‖a2 −m2a2
, (5)
having defined α˜ ≡ 1
2
log((t− cj)/(t+ cj)).
Moreover, the vacuum stress in the direction orthogonal to the plates is uniform. This
stress determines the vacuum forces acting on the plates, and the corresponding effective
pressure reads as [1]
p = −〈0|T 11 |0〉 = −
2SD−1
(2pi)D
∫ ∞
0
du uD−2
∫ ∞
√
u2+m2
t2dt√
t2 − u2 −m2
×
[
(t− F1(u))(t+ F2(u))
(t+ F1(u))(t− F2(u))e
2at − 1
]−1
. (6)
We have evaluated numerically the vacuum forces acting on the plates in the case of the
kernel functions [1]
fj(x) ≡ f0je−ηjx. (7)
The corresponding Fourier transforms Fj(k‖) are given by the formulae
Fj(k‖) =
ηjF
(j)
1
(1 + k2‖/η
2
j )
D/2
, (8)
where the parameters F
(j)
1 are defined by
F
(j)
1 ≡ 2D−1pi
D
2
−1Γ(D/2)
f0j
ηD
. (9)
We find that, for the values F
(1)
1
<∼ −1.08, the vacuum pressure is negative for all interplate
distances and the corresponding vacuum forces are attractive. For the values F
(1)
1 > −1.08
there are two values of the distance between the plates for which the vacuum forces vanish.
These values correspond to equilibrium positions of the plates. Moreover, for values of
the distance in the region between these positions the vacuum forces acting on plates are
repulsive. Thus, the left equilibrium position is unstable and the right one is locally stable
[1].
3
It might be interesting to investigate the relation, if any, with the findings in Ref. [4],
where the authors obtain a repulsive Casimir force among parallel plates under the as-
sumption of a suitable ultraviolet cut-off such that the regularized zero-point energy of the
vacuum can be the source of non-vanishing cosmological constant driving the acceleration
of the Universe.
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